arXiv:1503.08080v2 [math.AC] 25 Jan 2016 


ALGEBRAICALLY RIGID SIMPLICIAL COMPLEXES AND 

GRAPHS 

KLAUS ALTMANN, MINA BIGDELI, JURGEN HERZOG AND DANCHENG LU 


Abstract. We call a simplicial complex algebraically rigid if its Stanley-Reisner 
ring admits no nontrivial infinitesimal deformations, and call it inseparable if 
it does not allow any deformation to other simplicial complexes. Algebraically 
rigid simplicial complexes are inseparable. In this paper we study inseparability 
and rigidity of Stanley-Reisner rings, and apply the general theory to letterplace 
ideals as well as to edge ideals of graphs. Classes of algebraically rigid simplicial 
complexes and graphs are identified. 


Introduction 

In the study of monomial ideals it is a popular technique to polarize in order to 
obtain squarefree monomial ideals. Let S = K[xi,... ,a;„] be the polynomial ring 
in n indeterminates over the held K. Given a monomial ideal I ^ S, the polarized 
ideal of / is a squarefree monomial ideal dehned in a larger polynomial ring 
and S/I is obtained from S^/I^ by reduction modulo a regular sequence of linear 
forms consisting of differences of variables, see [71 page 19] for details. In other 
words, S^/I^ may be viewed an unobstructed deformation of S/I over a suitable 
affine space. 

The natural question arises whether S^/I^ or any other A-algebra dehned by 
a squarefree monomial ideal admits further unobstructed deformations, or at least 
non-trivial inhnitesimal deformations. This may be indeed the case as the third 
author learned from Flpystad. 

Separation. Let / C S' be a squarefree monomial ideal, and let y be an indeterminate 
over S. Flpystad (see i) calls a monomial ideal J ^ S[y] a separation of / for the 
variable Xi if the following conditions hold: 

(i) the ideal I is the image of J under the A-algebra homomorphism S[|/] —)■ S' 
with y ^ Xi and Xj i—)■ Xj for all 1 < j < n; 

(ii) Xi and y divide some minimal generators of J; 

(hi) y — Xi'is a. non-zero divisor of S[y]/J. 

The ideal I is called separable if it admits a separation, otherwise it is called insep¬ 
arable. 
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If J C ^[i/] is a separation of I for the variable Xi, then K[t] S[y]/ J, 1 1 —)■ y — Xi, 
is a non-trivial unobstructed deformation of S'// over = Spec//[t]. The simplest 
example of a squarefree monomial ideal which admits a separation is the ideal I = 
{xiX 2 ,XiX 3 ,X 2 X 3 ). One possible separation of / is the ideal J = {xiy,XiX 2 ,,X 2 X 3 ). 

Infinitesimal deformations. But even if / C S' is inseparable, it still may admit 
inhnitesimal deformations. We denote by e a non-zero term with = 0. Let 
J ^ S'[e:] be an ideal. Then S'[e:]/J is called an infinitisimal deformation of S/I if 
the canonical //-algebra homomorphism K[e] S'[e :]/J is flat and if S/I is obtained 
from S[e]/J by reduction modulo £. Thus if / = (/i,...,/^), then J = (/i + 
gi£, ■ ■ ■, fm + Qm^) and K[e\ — )■ S'[e :]/J is flat if and only if (p: / — )■ S'// with fi i-)- 
Qi + I is a. well-dehned S'-module homomorphism. In other words, the inhnitesimal 
deformations of S/I are in bijection to the elements of I* = Ilom 5 (/, S/I). 

Cotangent functors. Recall that a //-linear map 9: S' —)■ S is called a K-derivation 
if dfg = fdg -|- gdf. The set of //-derivations has a natural structure as an S'- 
module, and is denoted DerffiS). In fact, Deri^(S') is a free S'-module whose basis 
consists of the partial derivatives d/dxi. The inhnitesimal deformation S[e\/J of 
S/I is called trivial if there exists a //-algebra automorphism S[e] —)■ S[e] which 
maps J to /S[e]. This is the case, if and only if there exists d G Deri^(S') such that 
J = {fi + dfis, ..., fm + dfm^). Thus if we consider the natural map 5 *: Derii'(S') —)■ 
I* which assigns to 9 G Deri^(S') the element 5*{d) with d*{d){fi) = dfi + /, then 
the non-zero elements of Coker are in bijection to the isomorphism classes of 
non-trivial inhnitesimal deformations of S/I, see for example [6l Lemma 2.4]. This 
cokernel is denoted by T^{S/I) and is called the first cotangent functor oi S/I. The 
cotangent functors have been hrst introduced by Lichtenbaum and Schlessinger [H]. 
The //-algebra S/I is called rigid if it does not admit any non-trivial inhnitesimal 
deformations. Hence S/I is rigid if and only if T^{S/I) = 0. For simplicity we call 
I rigid if S/I is rigid. The simplest example of a squarefree monomial ideal which is 
inseparable but not rigid, is the ideal / = {xiX 2 ,X 2 Xz,xzX 4 ), see Proposition I3.7l a) 
and Theorem 13.101 We recommend the reader to consult m Section 3] for general 
basic facts about deformation theory. 

Rigidity of simplicial complexes. In the case that / C S' is a monomial ideal, T^{S/I) 
is a Z"'-graded S'-module. If moreover / is a squarefree monomial ideal, then the 
Z"'-graded components of T^{S/I) have a combinatorial interpretation as was shown 
by the hrst author and Christophersen in [2] and [1] . We recall some of these results 
in Section 1 of this paper because they are crucial for later applications. 

Recall that a simplicial complex A on the vertex set R is a collection of subset of 
V such that whenever F' G A and G <Z F, then G G A. Frequently we denote the 
vertex set of A by R(A). 

Since / is a squarefree monomial ideal, there exists a unique simplicial complex 
A such that / = /a, where I a is the Stanley-Reisner ideal of A. As usual, S/Ia is 
denoted by K[A] and is called the Stanley-Reisner ring of A. For simplicity we will 
write T^(A) for T^(//[A]). We say that A is algebraically rigid (with respect to K) 
if //[A] is rigid. Actually it is shown in Section [1] that algebraic rigidity of simplicial 
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complexes does not depend on K. There is the concept of rigid simplicial complexes, 
meaning that the simplicial complex does not admit any non-trivial automorphism. 
In this paper rigidity means algebraic rigidity, and will simply say that A is rigid if 
it is algebraically rigid. 

Description of contents. The aim of this paper is to characterize rigid simplicial 
complexes in combinatorial terms and exhibit classes of them. By what we said 
before, it follows that A is rigid if and only if T^(A)c = 0 for all c G Z”. The 
important facts, shown in [2], regarding the graded components of T^(A) that will 
be used throughout the paper, are the following: write c = a — b with a, b G M"' 
and supp a fl supp b = 0. Here for a vector a, supp a is defined to be the set 
{i G [n]: 7 ^ 0} where the are the components of a. Then 

(i) T^(A)a_b = 0 if b ^ {0,1}”', and if b G {0,1}”, then T^(A)a_b depends 
only on supp a and supp b; 

(ii) r^(A)a-b = T^(hnkASuppa)_b. 

We say that A is (li-rigid if T^(A)_b = 0 for all b G {0,1}”. Thus, by (ii), A 
is rigid, if and only if all its links are 0-rigid. These and other facts are recalled 
in Section [TJ We close the section by applying the general theory to characterize 
inseparable simplicial complexes. Say, A is a simplicial complex on the vertex set 
[n]. To each vertex i of A one attaches a graph G{j}(A) whose vertices are those 
faces F G A for which F U {i} ^ A. The edges of G'p}(A) are those {F, G} for 
which F C G or G C F. In Theorem 11.81 we show that A is inseparable if and only 
if G{j}(A) is connected for i = 1,... ,n, and that this is equivalent to the condition 
that T^(A)_e; = 0 for i = 1,... ,n. Here denotes the zth canonical basis vector 
of Z”. 

Let dim/f T^(A)_ei = k. Iterating simple separation steps one can construct a 
simplicial complex A on the vertex set ([n] \ {i}) U {uoWi) ■ ■ ■ Wfe} defined as k- 
separation of A for the vertex i having the property that T^(A)_b = 0 for all b with 
supp b C {uq, ..., Vk}, and such that K[A] is obtained from K[A] by cutting down 
by a regular sequence consisting of differences of variables. 

In Section [2] we consider various operations on simplicial complexes and study 
their behaviour with respect to rigidity. In Proposition 12.31 it is shown that the join 
Ai * A 2 of the simplicial complexes Ai and A 2 is rigid if and only if this is the case 
for Ai and A 2 . 

More complicated is the situation for the disjoint union of two simplicial complexes 
Ai and A 2 . Here we assume that none of the two simplicial complexes is the empty 
set and that their 0-dimensional faces correspond to their vertex set, a condition 
that we do not require in general. Under these (very weak) assumptions it is shown 
in Theorem 12.51 that Ai U A 2 is inseparable if and only if Ai and A 2 are simplices, 
and that Ai U A 2 is rigid if and only in addition one of the simplices has positive 
dimension. As a consequence we see that a disconnected simplicial complex of 
positive dimension is never rigid, unless all its components are simplices. 

Finally in Theorem 12.101 we consider what we call the circ of two simplicial 
complexes, denoted by Ai o A 2 . Suppose that U is the vertex set of Aj and 
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that Vi n V 2 = 0. Then, by dehnition, F C U V 2 is a face of Ai o A 2 if 
and only if either F n Vi is a face of Ai or F fl V 2 is a face of A 2 . Note that 
Ai o A 2 = (Ai * (V 2 )) U ((Vi) * A 2 ) and that /aioA 2 = {IaiIa 2 )- If turns out that 
Ai and A 2 are rigid if Ai o A 2 is rigid and Jai, Ia 2 7^ 0- The converse is true only 
under some additional assumptions. 

A motivation for us to study the circ-operation resulted from the desire to classify 
the rigid letterplace ideals, see |1]. Given two hnite posets V and Q, one assigns a 
monomial ideal L{V, Q), which in the case V = [n] or Q = [n] is called a letterplace 
ideal or a co-letterplace ideal, respectively. Letterplace and co-letterplace ideals have 
been considered before in [5]. In the paper |1] it is shown that all letterplace ideals 
are inseparable. Here we show that L{V, Q) is rigid if and only if no two elements of 
V are comparable, see Theorem 12.121 In the proof of one direction of this theorem 
we need the circ-construction. 

The last section of this paper is concerned with the rigidity of edge ideals. Given a 
hnite simple graph on the vertex set [n] one assigns to it the so-called edge ideal /(G) 
generated by the monomials XiXj with {i, j} an edge of G. Obviously I{G) = Ia(g) 
for some simplicial complex A(G). This simplicial complex is called the independence 
complex of G. Indeed, its faces are the independent sets of G, that is, the subsets 
of [n] which do not contain any edge of G. We say that G is rigid if A(G) is 
rigid. Again there exist already various concepts of rigid graphs which should not 
be confused with the dehnition of rigidity used in this paper. Similarly, we say that 
G is inseparable if I{G) is inseparable. The ultimate goal would be to classify all 
rigid and inseparable graphs. It is not clear whether a nice description of these 
classes of graphs is possible. However with some additional assumptions on the 
graphs, inseparable or rigid graphs can be characterized combinatorially. Recall 
that a vertex i of G is called a free vertex if it belongs to only one edge, and an edge 
is called a leaf if it has a free vertex. Finally an edge e of G is called a branch, if 
there exists a leaf e! with e! ^ e such that e fl e' 7 ^ 0. Our main result on rigidity of 
graphs is formulated in Theorem 13.101 Let G be a graph on the vertex set [n] such 
that G does not contain any induced cycle of length 4, 5 or 6 . Then G is rigid if 
and only if each edge of G is a branch and each vertex of a 3-cycle of G belongs to 
a leaf. Theorem 13.101 has several consequences. In Gorollary 13.111 it is shown that a 
chordal graph G is rigid if and only if each edge of G is a branch and each vertex 
of a 3-cycle of G belongs to a leaf. Another consequence is the fact that a graph 
with the property that all cycles have length > 7 is rigid if and only if each of its 
edges is a branch, see Gorollary 13.121 This result implies in particular that a forest 
consisting only of branches is rigid. Finally we notice in Gorollary I3.13l that a cycle 
is rigid if and only if it is a 4- or 6 -cycle. 

1. The cotangent functor and rigid and inseparable 

Stanley-Reisner rings 

The cotangent functor T^. Let A be a simplicial complex on the vertex set V (A) = 
[n] where [n] = {l,...,n}. We denote by [A] the set of elements i G [n] with 
{%} G A. Let Fi,..., Fra ^ H- We denote by (Fi,..., F^) the smallest simplicial 
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complex A with F, G A for i = 1,... ,m. The elements of A are called faces. A 
facet of A is a face of A which is maximal with respect to inclusion. The set of 
facets of A will be denoted by -F(A). 

We fix a field K. The ideal Ja denotes the Stanley-Reisner ideal in S' = K[xi,..., x„], 
that is, the ideal generated by the monomial xn with A C [n] a non-face of A. Here 
xn = riigAr^*- A-algebra K[A\ = S/Ia is called the Stanley-Reisner ring of 

A. 

The cotangent cohomology modules T*(A[A]) which we denote by T*(A) are Z"'- 
graded. We quote several facts about the Z”-graded components of T*(A) which 
were shown in [2]. 

We write c G Z"' as a — b with a, b G N” and supp a fl supp b = 0, and set 
A = supp a and B = supp b. Here M denotes the set of non-negative integers, 
and as in the introduction the support of a vector a G N” is dehned to be the set 
supp a = {i G [n]: Oj 7^ 0}. 

Theorem 1.1 ([2], Theorem 9). (a) T*(A)a-b = 0 if h ^ {0,1}^■ 

(b) Assuming b G {0,1}”, T*(A)a_b depends only on A and B. 

Recall that for a subset A of [n], the link of A is defined to be 

linkAA = {FGA; FnA = 0, FUAgA} 

with vertex set R(linkA A) = [n] \ A. 

We will also need the following result: 

Proposition 1.2 ([2], Proposition 11). (a) T*(A)a-b = 0, unless 

A G A and 0 7^ F C [linkA A]. 

(b) T*(A)a_b = T*(linkAA)_b. 

In the present paper, we are only interested in T^. Because of Proposition ll.2f bl 
it is important to know how to compute T^(A)_b for B C [A], For this purpose we 
introduce some notation. 

Let 3^ be a collection of subsets of [n]. We set KA{y) = {X : y ^ K} and 

/C'(y) = {A;{(Fo,foi)ey2 : YoUY,ey}^K} 

and dehne the F-linear map d : IC^{y) —)■ /C^(A’) by ((iA)(yo,bi) = A(Yi) — A(yo)- 
Next given B C [n] and A, we define 

Nb{A) = {F G A : FnF = 0, FUF ^ A}, 

Nb{A) = {F G Nb{A) : there exists B' C B with F U F' ^ A}. 

With the notation introduced one has 

Proposition 1.3 ([2], Corollary 6). (a) Suppose \B\ > 2. Then 

Ti(A)_b = Ker (/C°(Ab(A)) ^ JC\Nb{A)) © ]C%Nb{A))), 

where d : KP{Nb{A)) —)■ K^{Nb{A)) is the map as defined above andr : /C°(As(A)) 

K.^{Nb{A)) is the restriction map. 
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(b) For \B\ = 1, the K-dimension o/T^(A)„b is one less than the K-dimension 
of the kernel given in (a). 

Rigidity. The simplicial complex A is called ^-rigid if T^(A)_b = 0 for all b G 
{0, For 0-rigidity it is enough to check the vanishing of T^(A)_b for b G {0,1}*^ 
with suppb C [A], It follows from Proposition 11.21 that A is rigid if and only if 
linkA A is 0-rigid for all A G A. Thus we will assume a = 0 from now on. 

As an immediate consequence of Proposition 11.31 one obtains 

Corollary 1.4. (a) Suppose that \B\ > 2. Then T^(A)_b = Ab(A), where 

As(A) = {A : Nb{A) —)■ K : = 0 and A(F) = A(G) whenever F C G}. 

(b) dimi^T^(A)_b = dimii'AB(A) — 1 if \B\ = 1. 

Let i? be a subset of [n]. We dehne Gb(A) to be the graph whose vertex set is 
As (A) and for which {F, G} is an edge of Gb(A) if and only if F C G or G C F. It 
follows that A G As (A) is constant on the connected components of Gs(A). Note 
that if \B\ = 1, then As(A) = 0. We see that if \B\ > 2, then 

( 1 ) dim^i-T^(A)_b = number of connected components of Gb(A) 

which contain no element of As(A), 

and a B = {i}, then 

( 2 ) dimi^ T^(A)_ei = number of connected components of G{j}(A) — 1 
Hence the rigidity of a simplicial complex is independent of the held K. 

Examples 1.5. (a) Let 21”] = ([n]) be the simplex on the vertex set [n]. For each 
B C [n] we have = 0. This implies that 2^^^ is 0-rigid. Moreover, for each 

A G 2[’^1, its link is a simplex, too. Thus, 21”] is rigid. Of course, this is known before 
because ^[2^”^] = K[xi ,..., Xn]- 

(b) Fix n >2, and let F = 2["'l\{[n]} be the boundary of 2^"-\ Then A[„](F) = {0}, 
but A[„](F) = 0. In particular, dimi^T^(F)_b = 1 for b = (1,...,1). Again this 
follows also directly from the fact that F[F] = K[xi,..., x„]/( 0 : 10:2 • • • o:„). 

(c) let A = ({1},..., {n}). Then A is 0-dimensional. The set B = {1} yields 
Ab(A) = {{ 2 },..., {n}} and As(A) = 0. Hence, T^(A)_b 7 ^ 0 for n > 3, and so A 
is not rigid. Note that K[A\ = F[o:i,..., Xn\/{xiXj : i ^ j). 

The ideal {xiXj : i ^ j) may be interpreted as the edge ideal of the complete 
graph on the vertex set [n]. Rigidity of edge ideals will be discussed in details in 
Section |3l 

The following lemma tells us when T^(A)_b vanishes if suppb ^ A. We denote 
by 2^ the simplex on the vertex set B. 

Lemma 1.6. Let A be a simplicial complex on the vertex set [n], and let b G {0, !}"■. 
Let B = suppb and assume that B ^ A. 
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(a) Suppose that \B\ > 2. Then T^(A)_b = 0 i/ and only if Nb{A) ^ 0. 

Moreover, ^ 0 implies that the boundary 2^\{B^ of 2^ is contained 

in A. 

(b) Suppose that \B\ = 1. Then T^(A)_b = 0. 

Proof. Since B ^ A it follows that 0 G Nb{A). Therefore, A(F) = A(0) for all 
A G Ab{A). Thus the A'-vector space Ab{A) is generated by one element Aq which 
is forced to be the 0-element if Nb{A) ^ 0 and which may be chosen to be the 
constant map with Ao(0) = 1, otherwise. This proves (a). Also (b) follows from 
this considerations keeping in mind Corollary ll.df bi. Alternatively, statement (b) 
follows from Lemma ll.2f ah □ 

Separation. Let, as before, A be a simplicial complex on the vertex set [n]. We say 
that A is separable, if for some i, Ja admits a separation for x*. Otherwise, we say 
that A is inseparable. In the further discussions we refer to the conditions (i), (ii) 
and (iii) for separation, as given in the introduction. 

Let / = Ja be minimally generated by the monomials Ui,..., Um- We first observe: 

Lemma 1.7. If J is a separation of I for the variable Xi, then T^(A)_ei ^ 0. 

Proof. By condition (iii), S/I is obtained from S[y]/J by reduction modulo a linear 
form which is a regular element on S[y]/ J. This implies that J and J are minimally 
generated by the same number of generators. Let J be minimally generated by 
Vi,... ,Vm- We may assume that y divides Vi,... ,Vk but does not divide the other 
generators of J. We may furthermore assume that for all i, Vi is mapped to Ui under 
the JJ-algebra homomorphism (i). Then we may write 

J (ui -|- {u\/ xf) [xj Xj), . . . , Mfc -|- Xj) {xj Xi'), Mfc-i-i, . . . , Xl^y/). 

From this presentation and by (iii) it follows that S[y]/J is an unobstructed de¬ 
formation of S'// induced by the element [(p] G T^{S/1)^^^, where (p G /* is the 
S'-module homomorphism with y:>{uj) = Uj/xi + I for j = 1 ,... ,k and (p{uj) = 0, 
otherwise. 

Condition (ii) makes sure that S[y]/J is a non-trivial deformation of S/I. Indeed, 
suppose [ip] = 0. Observe, that deg</9 = —e*. Therefore, p G (Im(5*)_ei, which is the 
A-vector space spanned by pi = 5*{d/dxi). Here 5* ■. Der/f(S') —)■ I* is the map as 
dehned in the introduction with 6*{d){f) = df + I for d E DerxiS) and f E I. It 
follows that p = Xpi for some X E K. Since p{ui) = U\/xi P I = Xpi{ui) it follows 
that A = 1. On the other hand, by condition (ii), there exists j > k such that x/uj 
and p{uj) = I ^ Uj/xi + I = pi{uj). This is a contradiction. □ 

It follows from the above result that A is inseparable if T^(A)_e. = 0 for i = 
1,... ,n. Moreover the deformation K[y] —)• S[y]/ J induces an infinitesimal defor¬ 
mation K[e\ -E S[e\/J by reduction modulo y'^. As explained in the introduction, 
this inhnitesimal deformation yields an element in T^(A). This assignment is called 
the Kodaira-Spencer map. The arguments given above, even show that the im¬ 
age of the deformation K[y] —)■ S[y]/J in T^(A) via the Kodaira-Spencer map is 
non-trivial. 


7 





Finally we obtain 

Theorem 1.8. The following conditions are equivalent: 

(a) A is inseparable. 

(b) G/n(A) is connected for i = 1,... ,n. 

(c) T”A)-;,=0/or,= l....,„, 

Proof, (c) ^ (a) follows from Lemma 11.71 and (b) (c) follows from the equality 

(|2]) in the preceding subsection. 

(a) ^ (b): Suppose (^{^(A) is not connected for some i. Then the vertex set of 
G{j}(A) can be written as a disjoint union l/(G{j}(A)) = AU B such that for all 
F E A and all G E B, neither F EG nor G E F. 

Let I = Ja, I{A) = {xp. F E A) and I{B) = {xg- G E B). Then 

I = {XiI{A),XiI{B),Ui,U2, ... ,Mt), 

where none of the Uj is divisible by Xi. 

Note that if ... ,xf^} is the minimal set of monomial generators of I {A) and 
{xgi, ■ ■ ■ AGs} is the minimal set of monomial generators of I{B), then 

{XiXpi , . . . , XiXp, , XiXGi , ■ ■ ■ , XiXc, } 

is the set of monomials of the minimal monomial set of generators of I which are 
divisible by Xi. Thus, the ideal J = {yI{A),XiI{B),ui,U 2 , ■ ■ ■ ,Ut) C S'[?/] satishes 
the conditions (i) and (ii) of a separation of /. We will show that y — Xi is a. 
non zero-divisor of S[y]/J. This will then imply that A is separable, yielding a 
contradiction. 

Indeed, suppose y — Xt is a zero-divisor of S[y]/J. Then y — Xi belongs to a minimal 
prime ideal P of J. Since P is a monomial prime ideal it follows that y, Xi G P. 

Now let P G .4, and G E B and suppose that P U G G A. Then P U G G iV{i}(A), 
and hence P U G G 4, since P C P U G, and similarly P U G G P since G C P U G. 
This is a contradiction. Therefore, PUG ^ A for all P G 4. and G E B. This implies 
that I{A)I{B) E F It follows that I{A)I{B) E J, since Xi does not divide any of 
the generators of I{A)I{B). Now since I{A)I{B) E P we conclude that I (A) E P 
or I{B) E P. As P is a minimal prime ideal of J, we see that y ^ P ii I {A) E P 
and Xi ^ P ii I{B) E P. In any case we obtain a contradiction. □ 

k-Separation. Let A and B be two hnite collections of sets with P n G = 0 for all 
F E A and G E B. As it is common, we denote hj A * B the join of A and B, 
where A* B = {F U G: F E A, G E B}. If T and S are simplicial complexes, 
then the join T * E is again a simplicial complex. The vertex set of T * S is the set 
l/(r)Ul/(S). In [H Lemma 4.3], it was shown that all Tf^.{X) vanish whenever X 
is a combinatorial manifold without boundary. Now we will show that beyond this 
special case the deformations in degree —e* are unobstructed. More precisely, we 
prove the following statement: 

Proposition 1.9. Assume that P(A) = [n] and dimi^-T^(A)_ej = k. Then there 
exists a simplicial complex A on the vertex set ([n]\{i})U{no 5 • • •, Vk} such that is 


obtained from /a by k times separations for the variable Xi. Moreover T^(A)_b = 0 
for any b whose support supp b C {uq, ..., Vk}- 

Proof. We may decompose A as a disjoint union 

{0, {i}} * linkA{*} U Ap}(A). 

Since dim^^ T^(A)_ei = k, we have Ap}(A) splits into k + 1 connected components 

Api(A) = AoUAiU...UAfc. 

As in the proof of Theorem 11.81 we can express Ja as 

k 

I^ = {{XiXF-. F G IJ . . . ,Mi), 

1=0 

where the generators Uj are not divisible by x,. 

We define a new simplicial complex A on the vertex set ([?^] \{*}) U{no, • • •, Vk) 
by 

k 

A = n * linkA{i} U * Ag). 

e=o 

Here Q = {{vq, .. .,Vk}), and Qi = {{vq, ...,Vk}\ {n^}) for £ = 0,..., A;. 

Set T = K[xi ,..., Xi-i, Xj+i,..., Xn, yo,..., yk]- Then is an ideal of T and 

= ({ye^F ■ i = 0,... ,k,F e Ae}, Ml,, Ut). 

Theorem 1.7 provides the induction step of proving the /c-separability. Thus apply¬ 
ing induction it can be shown that S/I is isomorphic to T/I^ modulo the regular 
sequence yi — yo,... ,yk — yk-i, and furthermore T^(A)_b = 0 for any b whose 
support supp b C {uq, ..., Vk}- □ 

We call a k-separation of Ja- 

2. Joins, disjoint unions and circs of simplicial complexes 

In this section we consider simplicial complexes arising from pairs of simplicial 
complexes and study their behaviour with respect to rigidity. Part of the results 
will be applied to classify rigid algebras dehned by letterplace ideals. 

Monomial localization. In the following localization will be one of the tools in the 
proofs. Let A be a held, S = K[xi,... ,x„] the polynomial ring over K, I S a. 
monomial ideal and P C S' a monomial prime ideal. Then P = Pp where F C [n] 
and Pp = {xi \ i E F). 

We observe that if {S/I)p denotes ordinary localization of S/I with respect to the 
prime ideal P, then {S/I)p = Sp/I{P)Sp, where J(P) C S{P) := K[xi: i E F] is 
the monomial ideal which is obtained from I by the substitution x* i—)■ 1 for i ^ F. 
The ideal I (P) is called the monomial localization of / with respect to P. 

Lemma 2.1. Let I F S be a monomial ideal, P F S a monomial prime ideal, and 

pc [n]. 
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(a) T\SII)p (T\S(P)IHP))[xi: i i P])p. 

(b) Suppose tkat T'{S{P)/I(P)) # 0. Then T'(S/I) # 0. 

(c) Let I be a squarefree monomial ideal. Let A he the simplicial complex on 
the vertex set [n] with Ja = I. Then S{P-p)/I^{P-p) = S{P-p)/Ir, where 
F = [n] \ F and T = linkA(F). In particular, T is rigid if A is rigid. 

Proof, (a) Note that DerxiS) = Hom 5 (f 25 /i^, S), where fls/K is module of differen¬ 
tials of S/K, see |S1 Dehnition, p. 384], Since fls/K localizes (see [SI Proposition 
16.6], the same holds true for DerxiS). In other words, Derii-(S')p = Derp:(S'p). 
From this fact one easily deduces that T^{S/I) localizes, that is T^{S/I)p = T^{{S/I) p). 
Therefore, 

T\S/I)p ^ T\{S/I)p) ^ T\{S/I{P)S)p) ^ T\{S{P)/I{P))[x, : x, i P])p 

= (r‘(S(P)//(P))|ai: i^P])p. 

The last isomorphism follows from the fact that T^{R[y]) = T^{R) ( 8 )p R[y] = 
T^{R)[y] for a polynomial extension R ^ R[y]. 

(b) Suppose that T^(S'(F)//(F)) 7 ^ 0 and let mp be the graded maximal ideal of 
S{P) . Then T\S{P)/I{P)^ 7 ^ 0 because mp G Supp(Ti(^(F)//(F))). It follows 
that {T^{S{P)/I{P))[xi: i ^ P])p 7 ^ 0, since mpF = P. Hence the assertion follows 
from part (a). 

(c) Since *F(r) = {G \ F: G G F(A),F C G}, we obtain that Jr F S{P-p) is 
given by 

= Pi Pf\{g\f) = n ^G- 

G&T{A),FCG GeT{A),FCG 

On the other hand, 

GiPp)^ n PciPp)^ n 

GeJ'(A) ggJ'(A),fcg 

Hence Jr = Ia{Pf)- D 

Note that the fact stated in Lemma 12.H e) which says that each link of a rigid 
simplicial complex is again rigid can also be deduced from Proposition ll.2r b). 

Example 2.2. Let / be a squarefree monomial ideal of K[xi,... ,Xn] generated in 
degree (n — 1 ). 

(a) If n = 3, then I is rigid if and only if I is generated by two monomials. 

(b) If n > 4, then I is not rigid. 

Proof. In the following we may assume that I is not a principal ideal, because in 
this case / is a complete intersection generated in degree > 2, and hence I is not 
rigid. 

(a) For n = 3, / is an edge ideal of a nonempty simple graph with 3 vertices. 
Edge ideals will be treated in detail on Section |3l A nonempty simple graph with 
3 vertices is an isolated edge or a path of length 2 or a triangle. It follows from 
Theorem 13.101 that in those graph, only the second is rigid. This proves our result. 
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(b) We proceed by induction on n. Assume n = 4. If / is generated by 4 
monomials, then the monomial localization I{P) of I with respect to P = (xi, X 2 , x^) 
is the edge ideal of a triangle, and so /(P) is not rigid because of Theorem 13.101 By 
Lemma mU^b) it follows that I is not rigid. If I is generated by 3 monomials, then I 
is the product of a variable, say xi, and the edge ideal {X 2 X 3 , X 2 X 4 , x^x^) of a triangle, 
and so it is not rigid. Indeed, this follows again from Lemma I2.ir bl by monomial 
localization with respect to P = {x 2 , X 3 , X 4 ). If I is generated by 2 monomials, then 
it is the product of a monomial of degree 2 and an ideal generated by variables, and 
again I is not rigid. Assume n > 4. If / is generated by n monomials, then the 
monomial localization /(P) of / with respect to P = {xi,X 2 ,X 3 ) is the edge ideal of 
a triangle, and so I is not rigid. If I is generated by less than n monomials, then I 
is the product of a variable and an ideal J which is generated in degree n — 2 in the 
remaining n — 1 variables. It follows from the induction hypothesis that J is not 
rigid and so / is not rigid. □ 

Joins. Note that the notation “join” has been dehned in the hrst section. Thus, if 
Ai and A2 are simplicial complexes on disjoint vertex sets, then the join Ai * A2 is 
a simplicial complex on the vertex set I4(Ai) U V{A 2 ). 

In the remaining part of this subsection we always assume that Ai and A2 are 
simplicial complexes with disjoint vertex sets. 

Proposition 2.3. Let Jai C K[xi ,..., Xn] and Jaj P K[yi, ■ ■ ■, Vm] ■ Then 

T^(Ai * As) = T^{Ai)[yi,.. .,?/,„]© T^(As)[xi,... ,x„]. 

In particular Ai * As is rigid if and only if Ai and As are rigid. 

Proof. Set / = Iai*A 2 - Then I = Ii + Is, where Ji = Ia^S, I 2 = IA 2 S and where 
S = iL[xi,... ,Xn,|/i,... We set R = S/1. 

Furthermore let 



be the a resolution of Ji and let 



be the a resolution of Is. Then, since Torf (F/Ji, F/Js) = 0 for z > 0, the tensor 
product of the two above resolutions produces the following free F-resolution of S'//: 

• • • —y P2 © (Pi © Gi) © Gs — y Pi © Gi — y I — y 0 

Let / © (7 G Pi © Gi. Then 7(/ ® g) = (3{g)f — a{f)g G /(Pi © Gi). It follows that 

(Pi © Gi —)■ Pi © Gi) ©5 P = 0. This implies that 

(3) I* = Ker(P/ © Gt ^ Ff © G*) = I* © I^. 

Here M* = Hom5(M, S/I) for any graded S-module M. 

Assume that A is minimally generated hy ui,... ,Ur and A is minimally generated 
by vi,... ,Vs. Let /i,..., A be the basis of Pi, where A is mapped to Ui in A for 

1 < z < r and let gi,... ,gs be the basis of Gi, where gj is mapped to Vj in A for 

1 < j < s- Also we denote by //,•••, ff the basis Ff dual to A,..., A. In other 
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words, fiifj) = 1 € S if i = j and = 0 if z 7 ^ j. Similarly, we denote by 

gl,... ,g* the dnal basis of ..., gg- 

Then Im 6* C F* © G\ is generated by the elements 


( 4 ) 

for z = 1 ,..., rz, and 

( 5 ) 


E duk ^ dvi ^ duk 

+ 2 ^ -^9i - 2_^ -KTJk 


k=l 


1=1 


dxi 


k=l 


dxi 


duk ^ dvi ^ 

h&vF 


for j = 1,..., m. 

Here we use that dvi/dxi = 0 for / = 1,..., s and duk/dyj = 0 for A; = 1,..., r. 
Since T^(Ai * A 2 ) = ([3]), (jl]) and ([5]) imply that T^(Ai * A 2 ) = 

T^(S'//i) © T^(S'// 2 ). This yields the desired isomorphism because 

s/h = {K[xi,... ,Xn\/lAi)[yi, • • • ,2/m] and S/h = {K[yi,... ,ym\/I a 2 )[xi, ■ ■ ■,Xn\. 


□ 


Corollary 2.4. For all a — h E , we have 

T^(Ai * A2)a-b = (T^(Ai)[z/i,... ,z/m])a-b © (T^(A2)[a;i,... ,a;n])a-b- 

Proof. The assertion follows immediately from Proposition 12.31 However we give an 
alternative and more direct proof for this isomorphism: 

(i) Observing that links commute with joins, it is enough to prove that 
T^(Ai * A2)_(bi+b2) = (^^(Ai)[z/i,..., z/,„])_(bi+b2) © (^^(A2)[a:i,..., x„])_(bi+b2), 
where Bi := suppbj C H(Aj) for z = 1,2. 

(ii) First we show that 

Ab,uB2(Ai * A2) = [Nb,{A,) * (A2 \ H2)] U [(Ai \ Hi) * iVB,(A2)], 
where Aj \ Hj = {F G Aj: F O Hj = 0 } for z = 1 , 2 . 

Let Fi U F2 G NbiijB2{Ai * A2) with Fj G Aj for z = 1 , 2 . Then Fj G Aj \ Bi for 
z = 1 , 2 and (Fi U F2) U (Hi U H2) ^ Ai * A2 by dehnition. It follows that for at 
least one z G { 1 , 2 }, Fj U Hj ^ Aj, namely, Fj G ^^.(Aj). This actually proves the 
containment C. The other containment can be proved similarly. 

(hi) Suppose that Hj 7^ 0 for z = 1, 2. We will show that both sides of the identity 
in step (i) vanishes. 

Let Fi U F2 G NbiuB2{Ai * A2) with Fj G Aj for z = 1 , 2 . Then Fi G As.(Aj), 
for at least one z G ( 1 , 2 } by the proof of (ii), say z = 1 . It follows that (Fi U F2) U 
Hi ^ Ai * A2. Since Hi C Hi U H2, we have Fi U F2 G NbiuB2{Ai * A2). Hence 
A_BiuS2(Ai * A2) = NbiuB2{Ai * A2). This implies that the left side of the identity 
in step (i) vanishes. 

To see that the right side also vanishes, we note that a multi-homogeneous ele¬ 
ment in T^(Ai)[z/i,..., z/m] has the form ty^^ ■ ■ ■ yfp, where f is a multi-homogeneous 
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element in T^(Ai) and a* > 0 for i But has the multi- 

homogeneous degree for which each coordinate is greater or equal than zero. Hence 
{T\Ai)[yi,... ,ym\)-(h,+h 2 ) =0. Similarly (Ti(A2)[a:i,...,a;„])_(bi+b2) =0. 

(iv) If one of the Bi is the empty set, say B 2 = 0, then (ii) implies that 
A^Bi(Ai * A 2) = Nbi{Ai) * A2 and Nbi{Ai * A2 ) = Ab^(Ai) * A 2. 

This yields T^{Ai * A2)-bi = T^(Ai)_bi = {T^{Ai)[yi,... ,ym\)-hi, as desired. 

□ 


Disjoint unions. Next we consider the simplicial complex Ai U A2 which is the 
disjoint union of Ai and A2. The vertex set of Ai U A2 is H(Ai) U H(A2) and 
F G Ai U A2 if and only if F G Ai or F G A2. 

Theorem 2.5. Let Ai 7^ {0} and A2 7^ {0} be simplicial complexes with disjoint 
vertex sets. Assume that for i = 1,2, H(Aj) = [Aj], that is, {j} G Aj for all 
jeV{A,). 

(a) The following conditions are equivalent: 

(1) Ai U A2 is inseparable; 

(2) Ai and A2 are simplices. 

(b) The following conditions are equivalent: 

(1) Ai U A2 is rigid; 

(2) Ai U A2 is %-rigid; 

(3) Ai and A2 are simplices with dim Ai -|- dim A2 > 0. 

Proof. Let A = Ai U A2. 

(a) (1) ^ (2): Since A is inseparable. Theorem II. Sl implies that the graph Gp}(A) 
is connected for all i G H(Ai) U V{A 2 ). Let i G H(Ai). By assumption we have 
{i} G A. It follows that Ap}(A) = Ap}(Ai)U A2\{0}. Since A{j}(Ai) and A2\{0} 
belong to different connected components of G{j}(A) and since Gp}(A) is connected, 
it follows that either Ap}.(Ai) = 0 or A2 \ {0} = 0. The second case is ruled out 
by assumption. Hence, Ap}(Ai) = 0. This implies that i G F for all F G F(Ai). 
Since i is an arbitrary element in H(Ai) we see that F(Ai) = {I/(Ai)}. Starting 
with i G H(A2), the same argument proves that A2 is also a simplex. 

(2) ^ (1): By Theorem 11.81 it is enough to show that Gp}(A) is connected for 
all i G H(Ai) U V{A 2 ). Let i G H(Ai). As mentioned above we have A{j}(A) = 
Ap}(Ai)UA2\{0}. Since Ai is a simplex and {i} G Ai it follows that Ap}(Ai) = 0. 
Thus A{q(A) = A2 \ {0}. Therefore Gp}(A) is connected because A2 is a simplex. 
A similar argument shows that (^{^(A) is also connected for all i G H(A2). 

(b) (1) ^ (2) is obvious. 

(2) (3): Since A is 0-rigid we have T^(A)_b = 0 for all b G {0, i|^(^i)uv{A 2)_ 

In particular, T^(A)_ei = 0 for all i G H(Ai) U V{A 2 ). So by Theorem 11.81 A is 
inseparable. Thus using part (a) we have that Ai and A2 are simplices. Suppose 
that dim Ai -l-dim A2 = 0. Then dim Ai = dim A2 = 0, and hence I a is of the form 
{xy). It follows that T^(A)_(i 1) 7^ 0, a contradiction. 
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(3) (1): The assumptions imply that Ja is of the form {xiHj : i = 1,..., n, j = 

1,..., m) with n > 2 or m > 2. Corollary 12.111 implies that A is rigid. □ 

Corollary 2.6. Let A he simplicial complex. Then A is separable if A has more 
than two connected components. 

Circs. For z = 1, 2, let Aj be a simplicial complex on the vertex set Vi and assume 
that Vi n V 2 = 0. Then the circ of Ai and A 2 is the simplicial complex Ai o A 2 with 
vertex set Vi U V 2 whose faces are those subsets F of Vi U V 2 for which either F fl Vi 
is a face of Ai or F fl V 2 is a face of A 2 . 

It is worthwhile to note that if Iai ^ Si = F[a;i,..., a;„] and Jaj ^ S 2 = 
K[yi, ...,ym] then JaioAs = IAJA 2 S, where S = K[xi, ...,Xn,yi • • ■, ym]- 

In the following we set Mb{A) = {F C Id(A): F ^ A and F n F = 0} for any 
B C Id(A). For later use we list a few obvious facts in the next lemmata. 

Lemma 2.7. Let B = BiU B 2 with ^ ^ Bi <LVi for z = 1, 2. Then 

(a) As(Ai o A 2 ) = NbA^i) * iVs,(A 2 ) U NbA^i) * Ms,(A 2 ) 

U Mb^(Ai) * ^ 52 (^ 2 )- 

(b) Ab^(Ai o A 2 ) = Asi(Ai) * M 0 (A 2 ) and Nb 2 {^i ° ^ 2 ) = * Nb 2 {^ 2 )■ 

Lemma 2.8. Let B = BiU B 2 with ^ ^ Bi <TVi for z = 1, 2. Then 

(a) Ab(Ai o A 2 ) = Asi(Ai) *Nb 2 {.^ 2 ) U Abj(Ai) ^Nb 2 {,^ 2 ) 

U Abi(Ai) * Mb2{^2) U Mbi{Ai) * Ab 2 (A 2 ). 

(b) A 5 ^(Ai o A 2 ) = Abi(Ai) * M 0 (A 2 ) and Nb 2 {^i ° ^ 2 ) = * Nb 2 {^ 2 )■ 

We use these lemmata to prove 

Proposition 2.9. Let Ai and A 2 he two simplicial complexes on the vertex sets Vi 
and V 2 , respectively, and let bj G {0,1}^% F, = suppbj fori = 1 , 2 . Assume that 
lAi ^0 fori = 1 , 2 . 

(a) Suppose that bi,b 2 7 ^ 0. Then 

tVA o A i . ^ ~ if NBiuB2i^i o A2) = 0 and NB^uB2i^i ° ^2) 7^ 0 , 

MAioA 2 )_(b,+b.)-| of/ze™. 

(b) dimii'Ti(Ai o A 2 )_bi = dim^ T^(Ai)_bi fori = 1 , 2 . 

Proof. First we observe that for each z = 1, 2, Ja^ 7 ^ 0 if and only if I 4 ^ Aj, which 
is equivalent to M^{Ai) 7 ^ 0 . 

(a) Assume that NB,^uB2{^l°^2) = 0 and Nbj^uB2{^i°^2) 7^ 0 - Lemma I^TTI a) to¬ 
gether with Lemma [275f a) imply that (Ai) * Ab 2 (A 2 ) 7 ^ 0 . Therefore 7 ^ 

0 for z = 1,2. Since Nbj^uB2{^i ° A2) = 0 it follows from Lemma I 2 . 8 r al that 
Abj(Ai) * ^^ 2 (^ 2 ) = 0 and iVBi(Ai) * Nb 2 {^ 2 ) = 0 , and so NBi{Ai) = 0 for 
z = 1, 2. The same argument shows that MB^{Ai) = 0 for z = 1, 2. 
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Since = 0 for i = 1, 2, we have Vi\Bi G Aj and hence Vi\Bi G for 

i = 1, 2. It follows that any A G T^(Ai o A 2 )_(bi+b 2 ) is constant on NbiuB 2 {‘^i ° A 2 ), 
because for any Fi U F 2 G NbiuB 2 {‘^i ° A 2 ) with Fj C Vt for i = 1,2 we have 
Fi U F 2 C (Ih \ B,) U (I /2 \ B 2 ). Hence T^Ai o A 2 )_(b,+b 2 ) = 

If Abjub 2 (Ai o A 2 ) = 0, then T^(Ai o A 2 )_(bi+b 2 ) = 0- Assume now that 
A^BiuB 2 (Ai o A 2 ) 7 ^ 0. Let A G A^(Ai o A 2 )_(bi+b 2 ) (see its dehnition in Corol¬ 
lary O]) and Fi U F 2 G AsjuB 2 (Ai o A 2 ) \ NbiuB 2 (Ai o A 2 ) with Fi C 14, i = 1, 2. It 

follows from Lemmata 12.7l al and l2.8r a) that F, G (Aj) \for i = 1,2. By 
Lemma I^TSI aL at least one of NBi{^i),i = 1,2 and MB^{Ai),i = 1,2 is nonempty. 

First suppose that Mbj(Ai) ^ 0. Then we take Gi G Mbi{Ai). Note that 
Gi U F 2 G NbiuB 2 {^i ° A 2 ) and (Gi U F 2 ) U (Fi U F 2 ) G Ai o A 2 . Therefore 
A(Fi U F 2 ) = 0. Similarly, we can conclude that A(Fi U F 2 ) = 0 if Mb 2 {^ 2 ) 7 ^ 0 or 

NBii^i) 7 ^ 0 for z = 1 or z = 2. So we have proved that A = 0 in any case. Thus 

T^(Ai o A 2 )_(bi+b 2 ) = 0 - 

(b) We prove the statement for z = 1. The same argument holds for z = 2. 
Since M(d{A 2 ) 7 ^ 0, we have AsiuB 2 (Ai o A 2 ) = 0 if and only if ^^^(Ai) = 0 by 
Lemma [221(b). Hence we only need to consider the case when NbiuB 2 {^i ° A 2 ) 7 ^ 0. 

We dehne a homomorphism ip from A^(Ai)_bi to A^(Ai o A 2 )_bi as follows: 
for Ai G A^(Ai)_bi, V 7 (Ai) is given by v?(Ai)(Fi U Gi) = Ai(Fi) for any Fi G 
Asi(Ai) and Gi G M%{A 2 ). One can check that 9 ?(Ai) belongs to A^(Ai o A 2 )-bi 
and that p is injective. To see that p is surjective, one only need to notice that 
for any A G A^(Ai o A 2 )_bi, A(Fi U Gi) = A(Fi U G 2 ) for any Fi G Nb^{Ai) and 
Gi, G 2 G M 0 (A 2 ). Hence p is an isomorphism of F-vector spaces. This implies that 
dimii:T^(Ai o A 2 )-bi = dim^ T^(Ai)_bi, using Corollary II.41 □ 

For simplicity we say that a simplicial complex A on the vertex set [n] is special 
if either A has a unique facet, which is a maximal proper subset of [rz], or A has 
exactly two facets, one of which contains a unique element say z and the other one 
of which is [rz] \ {z}. We see that A is special if and only if is of the form zP, 
where 2 ; is a variable in S with z ^ P, and P is either a monomial prime ideal of S 
or P = S. 

Theorem 2.10. (a) Suppose that Ai o A 2 is rigid, and that Ja^ 7 ^ 0 for z = 1,2. 
Then Ai and A 2 are rigid. 

(b) Conversely, suppose that Ai and A 2 are rigid simplicial complexes with dis¬ 
joint vertex sets Vi and V 2 , respectively. Then Ai o A 2 is rigid if and only if for 
either j = 1 or j = 2, linkA^ F is not special for all F G A^. In algebraic terms, for 
j = 1 or j = 2, none of the monomial localizations of is of the form zP, where 
z is a variable in Sj with z ^ P, and P C Sj is either a monomial prime ideal or 
P = S,. 

Proof Let Si = K[xi, ...,Xn\, 82 = K[yi ,..., z/^j and S' = K[xi ,..., a;„, z/i,..., z/J. 
We may assume that Jai F Si and Jaj F S' 2 . 

(a) Let Fi = (xi,..., Xn) and F 2 = (z/i,..., z/™)- Since 

IA,oA 2 {P^) = {lAjA 2 Sm) = Ia, 
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for i = 1, 2, we see that 


T\K[A,oA2]{m=T\K[AS. 

Thus the assertion follows from Lemma [2.1lf bh 

(b) First suppose that Ai o A 2 is rigid, and suppose that there exist Fi G Ai and 
F 2 G A 2 such that the Stanley-Reisner ideal /unkA. Fj is of the form ZjPj where Zj is 
a variable in Sj with zj ^ Pj, Pj C Sj is either a monomial prime ideal or Pj = Sj. 
Since linkAioA 2 -Fi U F 2 = linkAi -Fi o linkAj F 2 , it follows that 

(hinkAjoA 2 “ hinkAj i^l-^linkAj ^ 2 “ {^1^2)PlP2S 

is not rigid because the ideal {Z 1 Z 2 ) is not rigid, a contradiction (see Proposi¬ 
tion [T21(b) or Lemma [ 2 TT c)h 

Suppose that Ai o A 2 is not rigid. Then there exist a, b G {0,1}^^'^^^ with 
supp aflsupp b = 0 such that T^(Ai o A 2 )a-b 7 ^ 0. Let a = ai -|- a 2 and b = bi -|- b 2 
with ai,bi G {0,1}^^ and a 2 ,b 2 G {0,1}^^. We set B = suppb, = suppb* for 
z = 1 , 2 , and denote by Tj the simplicial complex hnkAi(supp aj) for z = 1 , 2 . Since 
linkAioA 2 (supp a) = Ti or 2 , we have T^(ri or 2 )_b 7 ^ 0 by using Proposition II. 2f b). 
Note that Pj is rigid for z = 1, 2 by Lemma [2. If cL 

Since T^(Pi o r 2 )_b 7 ^ 0 we have (/ri/r 2 ) = -^rior 2 7 ^ 0. This implies that Jr^ 7 ^ 0 
for z = 1 , 2 . Suppose bi = 0. Since T^(Pi o P 2 )-b 2 = F^(P 2 )-b 2 (see Proposi¬ 
tion [2]9](b)), we have T^(Pi o P 2 )-b 2 = 0, because P 2 is rigid. This is a contra¬ 
diction. Therefore bi 7 ^ 0, and similarly b 2 7 ^ 0. Now Proposition I2.9f a) implies 
that AsiuB 2 (ri o r 2 ) 7 ^ 0 and NBiuB 2 iJ'i 0 T 2 ) = ^. By a similar argument used 
in Proposition 12.91 we have iVB.(Pj) 7 ^ 0 and MB.(Pj) = Ns^iTi) = 0 for z = 1,2. 
Therefore, for z = 1,2 the map Aj : (Pj) K, which maps each element of 

^^.(Pj) to 1, dehnes a nonzero element in A(Pj)_bi. Since Pj is rigid it follows from 
Corollary II. 4f ai that |Rj| = 1 for z = 1, 2. Without loss of generality we may assume 
that Bi = {xi} and B 2 = {z/i}. Then R(Pi) \ {xi} G Pi and R(P 2 ) \ {z/i} G r 2 since 
MBi(Pj) = 0 for z = 1, 2. Now we consider the following cases: 

Case 1: |R(Pi)| = 1. Since is not zero we have -^ri = (xi) and so Pi is special. 
Case 2: |l/(Pi)| = 2. Assume R(ri) = {xi,X 2 }. Then {X 2 } G Pi. Since Ir^ 7 ^ 0, 
we have {xi,X 2 } ^ Pi and since is rigid we have Pi 7 ^ ({xi},{x 2 }). Hence 
Pi = ({X 2 }) and Iyi = (xi). This implies that Pi is special again. 

Case 3: |R(Pi)| > 3. Since R(Pi) \ {xi} G Pi, we have either Pi = (l/(Pi) \ {xi}) 
or Pi = (l/(Pi) \ {xi}, Fi,..., Ffc), where k>l and Xi G F)- for j = 1,..., k. In the 
hrst case we have -^ri = (xi) and we are done. In the second one, we set G = Fi\{xi}. 
Then linkr^ G = (R(Pi) \ Fi, {xi}) and R(linkri G) = (R(Pi) \ Fi) U {xi}. Write 
l/(Pi) \ Fi = {x 2 ,..., Xs}. Since linkr^ G is rigid, we have s > 3 and so /imkn g = 
(xi)(x 2 ,... ,Xs) = xiF. This also implies that Pi is special. 

The similar argument is applied to P 2 . □ 

Corollary 2.11. (a) Let I be a squarefree monomial ideal and let P be a non¬ 
principal monomial prime ideal in a disjoint set of variables. Then IP is rigid if 
and only if I is rigid. 
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(b) Let Pi,... ,Pt be monomial prime ideals generated by pairwise disjoint sets of 
variables. Then IlLi if and only if at most one Pi is a principal ideal. 

Proof, (a) Let Ai and A 2 be two simplicial complexes with Jai = I and Jaj = P- 
Snppose IP is rigid. It follows from Theorem I2.10l a) that I is rigid. Conversely, 
snppose that I is rigid. Note that the links of A 2 correspond to monomial local¬ 
izations of P by Lemma [2.1f cL Since monomial localization of P with respect to 
any monomial prime ideal is never of the form (z) or zQ with Q a monomial prime 
ideal, Theorem I2.10l bi yields the desired conclnsion. 

(b) follows immediately from (a). □ 

Letterplace ideals. We conclnde this section with applications to letterplace ideals. 
In [1] , letterplace and co-letterplace ideals are introdnced and it is shown that these 
are all inseparable monomial ideals. In this section we consider rigidity of this class 
of ideals. 

More generally, let V and Q be two partially ordered sets. A map if : V ^ Q is 
called isotone or order preserving, ii p <p' implies g:>{p) < ’~p{p')- The set of isotone 
maps is denoted by Hom(P, Q). Note that Hom(P, Q) is again a partially ordered 
set with 0 < "0 if (j){p) < 'ijj{p) for all p G P. 

We fix a field K and consider the polynomial ring S over K in the variables 
Xp^q with p E V and q E Q. Attached to V and Q we dehne the monomial ideal 
L{V, Q) C S' generated by the monomials 

Up =Yl ^p,vip)^ T e Hom(P, Q). 

pGV 

Theorem 2.12. Let V and Q be finite posets. The following conditions are equiv¬ 
alent: 

(a) L{V, Q) is rigid. 

(b) No two distinct elements ofV are comparable. 

Proof, (a) ^ (b): Assnme there exist a,h E V with a < b. We consider the 
monomial prime ideal P = {xp^g : p E {a, b}, q E Q), and claim that L(V, Q){P) = 
L{{a, b}, Q), where {a, b} is the poset with a < b. In fact, for any minimal generator 
u E LifP, Q){P), there exists ip E Hom(P, Q) snch that u is obtained from Up by 
setting Xp^p(p) = 1 if p ^ {a, b}, that is, u = Xa,p{a)Xb,p{b)- This proves L{V, Q){P) C 
L{{a,h},Q). 

Conversely, let u = Xa,cXb,d G L{{a, b}, Q), where c,d E Q and c < d. Let n = \V\. 
Since any hnite partial order can be extended to a total order, there exists an isotone 
bijective map from V to [n], which we denote by /. We now dehne a map <p : P —)■ Q 
as follows: 

-w - { 

Then ip E Hom(P, Q) and p(a) = c, p(b) = d, and hence u E L(V, Q){P). Thns onr 
claim follows. 

It follows from Corollary 13.61 and its proof that S{P)/L{{a,h}, Q) is not rigid. 
Therefore, Lemma [2.1f bi implies that S/L{fP, Q) is not rigid. 
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(b) (a): Let V = {pi,... ,pm} with pi and pj incomparable for all i ^ j and 

let Q = {gi,... ,gn}- Then 

m 

LiT’, Q) — J_ ) ^Pi,q21 ■ ■ ■ 1^Pi,qn)- 

i=l 

Thns the assertion follows from Corollary I2.11f bi. □ 

For an integer n G M we denote by [n] the totally ordered set {1 < 2 < • • • < n}. 
The ideal L([n], P) is called the nth letterplace ideal, while L{V, [n]) is called the nth 
co-letterplace ideal. They are Alexander dnal to each other if we identify Xi^p with 
Xp^i for any i G [n] and p E V. In particnlar, the facets of the simplicial complex 
associated with L{[n],V) are in bijection with the generators of L{V, [n]), and vice 
versa. 

Corollary 2.13. Let V a finite poset. 

(a) L{\n],V) is rigid if and only if n = 1. 

(b) L{V, [n]) is rigid if and only if no two distinct elements ofV are comparable. 

3. Rigidity of graphs 

In this section we apply the resnlts of Section [T] to stndy the rigidity of edge ideals 
of a graph. 

Inseparable graphs. Let G be a finite simple graph with vertex set [n]. The edge 
set of G will be denoted by E{G). Let R be a field and S = K[xi,... ,x„] the 
polynomial ring over K inn indeterminates Xi, ..., x„. The edge ideal I{G) C S' of 
G is defined to be the ideal generated by all prodncts XiXj with {i,i} G E{G). Let 
A(G) be the simplicial complex with I{G) = Ia{g) Then 

A(G) = {E C [n]: E does not contain any edges of G}, 

The simplicial complex A(G) is called the independence complex oi G. The faces of 
A(G) are called the independent sets of G. 

We call G inseparable if I{G) is inseparable. Let i E [n]. Then N{i) = {j : {j, i} G 
E{G)} is called the neighborhood of i. We denote by the complementary graph 
of the restriction Gat^) of G to N{i). In other words, = N{i) and E{G^^'^) = 

{{ilk}', j 7 ^ G N{f) and {i,k} ^ E{G)}. Note that G*-*) is disconnected if 

and only if A(i) = A U B, where A, R7^0, AnR = 0 and all vertices of A are 
adjacent to those of B. 

Theorem 3.1. The following conditions are equivalent: 

(a) The graph G is inseparable; 

(b) G« is connected for all i; 

(c) T\S/I{G)).,^ = 0 for allt. 
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Proof. We set A = A(G). By Theorem 11.81 it suffices to prove that G'{i}(A) is 
connected if and only if jg connected for each i. First we note that V (G*-*)) C [n] 
and 

l/(G{i}(A)) = {F C [n]-. F is an independent set of G and F fl h^(G‘'d) ^ 0}. 

Assume G^) jg connected. Given Fi, F 2 E G(G{j}(A)), there exist ^ 1,^2 E G(Gd)) 
with ki E Fi for i = 1,2. Suppose that ki = /c 2 . Then Fi, {ki}, F 2 is a path in 
G{j}(A), and thus Fi is connected to F 2 . Next suppose that ki 7 ^ /c 2 - Since G^d 
is connected, there is a path ki = jo,ji,..., js = k 2 in G^). Note that E 

V (Gp}(A)) for all £ = 0,..., s — 1. Therefore, 

Fl, {h}, {jo, ill, {jl}, {jl, j 2 }, {j 2 }, • • • , {js-l,js}, {^ 2 }, F 2 

is a path in G{j}(A), and so Fi is connected to F 2 . It follows that Gp}(A) is 
connected. 

Conversely, assume that Gp}(A) is connected. Given ki,k 2 E G(Gd)), there is a 
path {fci}, Fl, F 2 ,..., F 2 t-i, {^ 2 } in Gp}(A). Hence 

{ki} C Fl D F 2 C F 3 D ... C F 2 i_i D {/C 2 }. 

We use the induction on t to show that there is a path from ki to k 2 in G^-d. If 
t = 1 then {ki,k 2 } F Fi and so ki is adjacent to ^2 (in G*-d). For f > 1, let 
fco e F 2 nl/(Gd)). Then ki is adjacent to fco, and by induction hypothesis there is a 
path in G^i from ko to /c 2 - Hence there is a path in G^-d from ki to ^2 and it follows 
that Gd) is connected. □ 

Considering the proof of Theorem 13.11 one even shows that the graphs Gp}(A) 
and G^-d have the same number of connected components. 

Corollary 3.2. If G contains no triangle, then G is inseparable. 

The conditions (a) and {(3). Let G be a hnite graph on the vertex set [n] and 
A(G) be the independence complex of G. Let A be a subset of [n]. Then link A of 
A(G) can be interpreted as the independence complex of a suitable graph if A is an 
independent subset of G. In order to show this we introduce some notation. 

The set 

]V(/1) = U'VW 

i&A 

is called the neighborhood of A (in G), and the set 

N[A] = A U N{A) 

is called the closed neighborhood of A (in G). 

Let B C [n]. The induced subgraph of G with vertex set B, is the graph Gb with 
edges {i,j} E E{G) and such that i,j E B. An induced cycle of G is a cycle of G 
which is of the form Gb- By G \ A we denote the induced subgraph of G on the 
vertex set [n] \ A. 

Lemma 3.3. Let A C [n] be an independent subset of G. Then linkA(G) A is the 
independence complex of the graph G \ fV[A]. 
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Proof. Note that F G linkA(G) ^ if and only if F C [n] \ A and F U A G The 

last condition is equivalent to saying that F U A does not contain any edge of G. 
Thus F G linkA(G) A if and only if F C [n] \ N[A] and F does not contain any edge 
of G. Since the set of edges of G in [n] \ N{A) is the same as the set of edges of G 
in G \ N{A), the desired conclusion follows. □ 

For a given subset F C [n], we may easily express the sets 

iVB(A(G)) C iVs(A(G)) C [n] 

in terms of G\ 

Ab(A(G)) = {F C [n]: F n F = 0, F contains no edges of G, but F U F does}, 
and Nb{A{G)) = 

{F G Ab(A(G)) : there exists B' F B such that F U F' contains an edge of G}. 
The following lemma lists some obvious properties of these sets. 

Lemma 3.4. Let F C [n]. Then the following statements hold: 

(a) If |F| > 3 or |F| = 2 and B is not an edge ofG, then Ab(A(G)) = Ab(A(G)). 

(b) If B is an edge, then 0 G Nb{A{G)) , and Nb{A{G)) = ^ if and only B is an 
isolated edge of G, i.e. it does not have a common vertex with any other edge of G. 

Combining this lemma with Corollary 11.41 we obtain 

Corollary 3.5. Let b G {0,1}"' and let B = suppb. Suppose that \B\ > 2. Then 
T^(A(G))_b = 0 unless B is an isolated edge in G. On the other hand, if B is an 
isolated edge in G, then T^(A(G))_b is one-dimensional. 

Let G be a graph on the vertex set [n]. Based on Theorem 13.11 and Corollary 13.51 
we see that A(G) is 0-rigid, (i.e., T^(A(G))_b = 0 for every b G {0,1}") if and only 
if G^®^ is connected for all i G [n] and G contains no isolated edge. Combining this 
fact with Proposition 11.21 and Lemma 1X51 we obtain the following combinatorial con¬ 
ditions for a graph to be rigid: the graph G is rigid if and only if for all independent 
sets A C V{G) one has: 

(a) (G \ is connected for all z G [n] \ N[A]; 

{(3) G \ iV[A] contains no isolated edge. 

It is obvious from Corollary 13.21 that any bipartite graph is inseparable and so 
it satishes the condition (a), since any induced graph of a bipartite graph is again 
bipartite. But, by far, not all bipartite graphs are rigid. For example we have 

Corollary 3.6. Let G be a Cohen-Macaulay bipartite graph (i.e., S/I{G) is Cohen- 
Macaulay). Then G is not rigid. 

Proof. By Proposition 12.31 we may assume that G is connected. By [HI Theorem 
3.4] the graph G, after a suitable relabeling of its vertices, arises from a hnite 
poset F = (pi, ...,Pn] as follows: V (G) = (pi,... ,p„, gi,..., g„} and F(G) = 
{{PiiQj}'- Pi A Pj}- We may assume that pi is a minimal element in F. Let 
A = {p 2 ,... ,pn}. Then N[A] = {p 2 ,... ,p„,g 2 , • • ■,qn}, and G \ N[A] = {pi,qi}. It 
follows from {(3) that G is not rigid. □ 
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Recall that a vertex v is called a free vertex if degv = 1, and an edge e is called 
a leaf if it has a free vertex. An edge e of G is called branch, if there exists a leaf e' 
with e' 7 ^ e snch that e fl e' 7 ^ 0 . 

Let e = {i,j} G E{G). We denote by A^'o(e) the set {N{i) U N{j)) \ {i,j}. 

In the next proposition we present snfficient conditions for graph to satisfy (a) or 

m- 

Proposition 3.7. Let G he a finite graph on the vertex set [n], 

(a) Suppose that each vertex of a 3-cycle in G belongs to a leaf. Then G satisfies 
{a), and hence G is inseparable. In particular, if G does not contain any 
3-cycle, then G is inseparable. 

(b) Suppose that each edge of G is a branch. Then G satisfies {(3). 

(c) Suppose that each edge of G is a branch and each vertex of a 3-cycle of G 
belongs to a leaf. Then G is rigid. 

Proof, (a) Suppose that (a) is not satisfied. Then there exists an independent set 
A C [n] and i G [n] \ A^[A] such that N{i) n [n] \ A^[A] = B U G with B,G and 
R n G = 0 and {j, k} G E{G \ A^[A]) C E{G) for all j & B and all k & G. Since 
B,G ^ ^ there exist j E B and k ^ G such that {j, k} G E{G). Thus f is a vertex of 
a 3-cycle in G. By assumption there exists a leaf {i, t} in G. Suppose that t G A^[A]. 
If f G A then i G N[A], a contradiction. Thus t G N{A). Since degf = 1 it follows 
that i E A, again a contradiction. Therefore we see that t G [n] \ A^[A]. This implies 
that t E BUG. We may assume that t E B. So {t, k} E E{G), a contradiction since 
Nit) = {^}. 

It follows from Theorem 13 .1 1 that G is inseparable if it satisfies (a). Suppose now 
that G does not contain any 3-cycle. Then, by the first part of the statement, G 
satisfies condition (a), and so it is inseparable. 

(b) Suppose that G does not satisfy {(3). Then there exists an independent set 
A of the vertices of G such that G \ A^[A] contains an isolated edge, say e = {i,i}. 
We show that e is not a branch of G and so we get a contradiction. Let v G A"o(e) 
and let degn = 1. Then we have either Niv) = { 1 } or Niv) = {j}. Without loss of 
generality we may assume that Niv) = {z}. Since e is an isolated edge in G \ A^[A] 
we have v E A^[A]. Suppose that v E A. Then {i} = Niv) C A^(A), a contradiction. 
Thus V E NiA), and so there exists t E A such that v E Nit). Since Niv) = {i} it 
follows that t = i. This implies that i E A, which is again a contradiction. Hence 
degn > 2, as desired. 

(c) follows from (a) and (b). □ 

Rigid graphs. The next two lemmata will help us to classify the rigid chordal graphs 
and rigid graphs without induced cycles of length 4,5 or 6 . 

Recall that a graph G is chordal if any cycle of length > 4 has chord. A chord of 
a cycle G is an edge {z, j} of G with z,j G R(G) which is not an edge of G 

Lemma 3.8. Let G be a rigid graph on the vertex set [n], and let A he an independent 
set of vertices of G. Then G \ A^[A] is rigid. 
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Proof. Let B be an independent set of vertices of G \ A^[ 74 ]. Then A U i? is an 
independent set of vertices of G. Indeed, snppose that {i,j} G E{G) for some i ^ A 
and some j E B. Then j 6 N{i) implies that j G N{A) C N[A]. Since N[A\r\B = 0 
it follows that j ^ B which is a contradiction. 

Clearly, iV[A]UiV[ 5 ] = N[AUB]. Thns, ([n] \ Ar[yl]) \Ar[ 5 ] = [n]\Ar[ylU 5 ]. Since 
for any snbset G of [n], G\G is an indnced snbgraph of G, we have (G\iV[ 74 ])\iV[i?] = 
G \ N[A U B]. Since rigidity is characterized by (a) and (/5), the statement follows. 

□ 

Let G be a graph on the vertex set [n]. For each e = {i,j} ^ dehne the 

set Ocie) as follows: 

Ocie) = {v': v'e (J A^(n), A^(n') n {i, j} = 0}. 

vGNo{e) 

Lemma 3.9. Let G be a rigid graph on the vertex set [n] which does not contain 
any induced A-cycle, and let e = {i,j} be an edge of G which is not a branch. Then 
Ocie) 7^ 0 . 

Proof. First we show that for all v G A'"o(e) we have N{v)\{i,j} ^ 0- Note that since 
G is rigid the edge e is not isolated, and so Nq^c) ^ 0. Snppose that there exists 

V G Ai"o(e) snch that Niv) C {i, j}. Withont loss of generality we may assnme that 

V G N[i\ Since e is not a branch we have degn > 2. It follows that iV(n) = {i, j}. 
Therefore G^’'^ consists of two isolated vertices i and j which contradicts the fact 
that G is rigid. 

Now snppose that Ode) = 0, i.e., for all v G iVo(e) and for all v' G N{v) we have 
N{v') n {i, j} 7^ 0. Since Nq^c) 7^ 0 we may assnme that there exists v G N{i) with 

V 7 ^ j. As shown above N{v) \ {i,j} 7 ^ 0- Snppose that for all v' G N{v) \ {i, j} 

we have i G A^(n'). Then i is an isolated vertex in G^O^ a contradiction. Thns 
there exists v' G N{v) \ {i,j} snch that v' ^ N{i). Hence v' G N{j) which implies 
that V G N{j) becanse G does not contain any indnced 4-cycle. Since v' G N{j) and 
v' 7^ i,j we have v' G A"o(e). So N{v'')n{i, j} 7^ 0 for all v" G N{v'). As shown above 
N{v') \ {i,j} 7^ 0- Snppose that there exists v" G N{v') \ {i,j} such that v" ^ N{j). 
Then v" G N{i). It follows that G contains the indnced 4-cycle with vertices i, j, v' 
and n", a contradiction. Conseqnently, v” G N{j) for all v" G N{v') \ {«, j}. Then j 
is an isolated vertex in G^^ \ a contradiction. This completes the proof. □ 

Theorem 3.10. Let G be a graph on the vertex set [n] such that G does not contain 
any induced cycle of length 4, 5 or 6 . Then G is rigid if and only if each edge of G 
is a branch and each vertex of a 3-cycle of G belongs to a leaf. 

Proof. By nsing part (c) of Proposition 13.71 it is enongh to show that if a rigid graph 
G does not contain any indnced cycle of length 4, 5 or 6 , then each edge of G is a 
branch and each vertex of a 3-cycle of G belongs to a leaf. 

Snppose that e = {*,j} G E{G) is not a branch. By Lemma l3^ Oc^e) 7 ^ 0. 
We claim that there exists A C Ode) snch that A is independent in G and e is an 
isolated edge in G \ A^[A]. This will imply that G is not rigid, a contradiction. Let 
G' be the indnced snbgraph of G on the vertex set Ocie) and let Gi,..., Gm be the 

22 




connected components of G'. Let u,v G V{Ck) such that {u^v} G E{G). We show 
that either N{u) fl iVo(e) C iV(n) fl A^o(e) or N{y) fl A^o(e) C iV(M) fl iVo(e). 

Assume that N{u) fl iVo(e) ^ A^(n) n A'o(e). Then there exists x E N{u) r\ No{e) 
such that {n, x} is not an edge in G. Without loss of generality we may assume that 
i e N{x). 

Let y G N{v) fl Ao(e), and hrst suppose that y G N{i). Then we have the 5-cycle 
with vertices x, u, v and y. Since v,u E Ode) it follows that {u, i}, {x, i} ^ E{G) 
and since {x,x} ^ E{G) it follows that {u,y} E E{G) because G does not contain 
any induced cycle of length 4 and 5. Therefore y E N{u) fl Ao(e). On the other 
hand ii y E N{j), then we have the 6 -cycle with vertices i, x, u, v, y and j. Note 
that {v,x},{u,i}ydd}d'^0},{'^0} ^ E{G). This implies that {v,y} G E{G) 
since G does not contain any induced cycle of length 4, 5 and 6 . Thus either 
N{u) n A'o(e) C N{v) 0 Ao(e) or N{v) O Ao(e) C N{u) 0 Ao(e), as desired. 

Now given Gk we choose a maximal set Dk = C V{Ck) with the 

property that the sets N{ur)ONo{e) are pairwise different. After having dehned the 
set Dk for each Gk we are ready to dehne the set A. 

We let A be the unique subset of Ode) such that A A Ok consists of all elements 
Ur E Dk with the property that N{ur) ONq^c) ^ N{us) O A"o(e) for all Ug E Dk with 
s ^ r. 

In order to complete the proof we show that A is independent in G and e is an 
isolated edge in G \ iV[A]. Let u,v E a and assume that {u, x} G E{G). Then there 
exists k such that u,v E Dk V{Ok). Therefore either iV(x)nAo(e) C A^(x)nAo(e) 
or N{v) n No{e) C N{u) fl No{e). Thus by the choice of A, it follows that x = x, a 
contradiction. So A is an independent set of G. 

Finally we show that e is an isolated edge of G" := G \ iV[A]. Note that for 
any x G A'o(e) fl V{G") and for any x' G N{v)\ {i,j} we have iV(x') fl {i,j} 7 ^ 0. 
In fact, suppose that there exists Xi G iV(x) such that iV(xi) fl {i,j} = 0- So 
Xi G V{Gk) for some k. If xi G A, then x G N{A) C A^[A], a contradiction. Hence 
Xi ^ A. Therefore, by the choice of A, there exists X 2 G A such that A^(xi) fl Ao(e) C 
iV(x 2 )nA'o(e). Since x G A^(xi)nAo(e) we have x G N{v 2 ) and so x G N{A) C A^[A], 
a contradiction. This shows that OG"{e) = 0. 

Suppose that e is not an isolated edge of G", i.e., Ao(e) n V (G") 7 ^ 0. We observe 
that e is not a branch in G". Indeed, if e is a branch, then since e is not isolated, 
there exists x G No{e) fl V{G") such that degree of x in G" is one. We may assume 
that X G N{i) \ N{j). Since e is not a branch in G we have N{v) \ {i,j} 7 ^ 0 ^md 
for any x' G N{v) \ {i,j} we have x' G N[A]. This implies that for any v' E N{v), 
v' E N{A) because if x' G a, then x G A^(A) C A^[A] and hence x ^ H(G"), a 
contradiction. As seen in the previous paragraph, for any x' G N{v)\ {i,j} we have 
iV(x') n {i,j} 7 ^ 0- If 'e' ^ Ef{i), then x' G N{j). Since x ^ N{j) we will get the 
induced 4-cycle with the vertices i, x, v' and j, a contradiction. So x' G N{i) for 
any v' E N{v). It follows that i is an isolated vertex in G^'"\ a contradiction. Thus 
e is not a branch in G". 

Lemma 13.81 implies that G" is rigid and hence by Lemma 13.91 it follows that 
OG"{e) ^ & contradiction. So indeed e is isolated in G". 
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Now we prove that each vertex of a 3-cycle of G belongs to a leaf. Suppose that 
there exists i G [n], i belongs to a 3-cycle in G and it does not belong to a leaf. So for 
all V G N{i) we have degn > 2. Let j and k be the two other vertices of this 3-cycle. 
If N{i) = {j,k}, then j and k are isolated vertices of G^'^\ contradicting (a). So 
N{i) \ {j, k} 7 ^ 0. Since each edge of the graph G is a branch, for any v G N{i) the 
edge {i, n} is a branch. Since i does not belong to a leaf it follows that any v G N{i) 
belongs to a leaf. Thus for any v G N{i) there exists G N{y) with degi^, = 1. Set 
® = Ui;G 7 v(i)\{j Clearly, A is an independent set of the vertices of G and j, k 

are two isolated vertices in {G \ iV[y4])(*\ a contradiction. Consequently, i belongs 
to a leaf, as desired. □ 

Corollary 3.11. Let G be a chordal graph. Then G is rigid if and only if each edge 
of G is a branch and each vertex of a 3-cycle of G belongs to a leaf. 

Corollary 3.12. Let G be a graph on the vertex set [n]. Suppose that all cycles of 
G have length > 7 (which for example is the case when G is a forest). Then G is 
rigid if and only if each edge of G is a branch. 

Proof. Since G does not contain any 3-cycle, the statement follows from Theo¬ 
rem [SHOl □ 

As another application we have 

Corollary 3.13. Let G be a cycle. Then G is rigid if and only if G is a A-cycle or 
a 6-cycle. 

Proof. Suppose that \G\ ^ 4,5,6. Then by Theorem I3.1UI G is not rigid. Suppose 
now that \G\ = 5. Then G\ A^[A] is an isolated edge, where A = {i} for some vertex 
i of G, and hence the condition (/3) is not satished. So G is not rigid also when 
|G| = 5. In conclusion, G is not rigid if |G| ^ {4,6}. 

Next suppose that |G| G {4,6}. Since G does not contain a 3-cycle, it follows 
that G satishes (a) by Proposition l3.7f aL 

Note that for any nonempty independent subset A of 14(G), G \ iV[A] is either an 
empty graph (i.e., a graph containing no edge) or a path of length 3. Therefore, the 
cycle G also satishes the condition {(3). Hence G is rigid. □ 
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